The conditions are clarified under which regular (i.e., singularity-free) black holes can exist. It is shown that in a large class of spacetimes that satisfy the weak energy condition the existence of a regular black hole requires topology change.
Mars et al. [1] have recently produced a "Schwarzschild black hole" that obeys the weak energy condition [2] , but is nevertheless free of singularities. In this letter I clarify how the singularity-avoidance occurs, not only in their model, but in general. My main result is that singularities can be avoided in a large class of black holes only through topology change. In proving this result I will use methods and terminology from the "global techniques" area of general relativity. Since these may be unfamiliar to many physicists, I will give some informal definitions as they seem necessary. Precise definitions may be found in the book by Hawking and Ellis [3] .
Regular black holes are not new. In 1968, Bardeen [4] produced a famous model, conventionally interpreted as a counterexample to the possibility that the existence of singularities may be proved in black hole spacetimes without assuming either a global Cauchy hypersurface [5] or the strong energy condition [6] . (See, for example, ref. [3] , page 265.) This model is a regular black hole obeying the weak energy condition, and it was influential in shaping the direction of subsequent research on the existence or avoidance of singularities. The paper in which it was originally presented [4] is not readily available, but a discussion of the model, and the role that it has played, has since appeared in a more accessible place [7] . In brief, the model uses the Reissner-Nordström spacetime as inspiration. The metric expressed in standard spherical coordinates (t, r, θ, φ) is
where Bardeen replaced the usual Reissner-Nordström function
When e 2 < (16/27)m 2 in Bardeen's model, there is an event horizon. The new spacetime also obeys the weak energy condition (assuming Einstein's field equation), yet it contains no physical singularities. A similar example (i.e., possessing an event horizon and obeying the weak energy condition, yet nonsingular) has also been constructed by modifying the Reissner-Nordström metric in a region near r = 0 and leaving it untouched outside [7, 8] .
The recently proposed regular black hole [1] has a global structure identical to these previously-discussed Reissner-Nordström-based black holes. The metric here is
where
, and β is obtained from
This metric coincides with the Schwarzschild metric for r ≥ 2m. There is still an event horizon at r = 2m and trapped surfaces just inside.
Yet another class of spacetimes with similar properties has been discussed by Frolov et al. [9, 10] . In these spacetimes, part of the region inside r = 2m in a Schwarzschild black hole is joined through a thin boundary layer to de Sitter spacetime, allowing in some cases singularity-avoidance to occur. (See Barrabès and Frolov [11] and additional references cited therein.) All these black hole spacetimes have very similar global properties. I will therefore refer to them as " Bardeen escape from a singularity inside the black hole occurs because in this crucial region where trapped surfaces exist it is possible for light rays to "wrap around the universe;" i.e., although both the "ingoing" and "outgoing" systems of futuredirected null geodesics from T are converging, the two sets converge to focii at different r = 0 points (antipodally located with respect to each other). The trapped surface T and its future light cone E + (T ) both lie in the future Cauchy development of the surface S 2 , and a singularity is avoided purely because S 2 is in the region between the r = 0 lines. For instance, the surface S 1 has topology S 2 × R while S 2 has the topology of a 3-sphere. The shaded region lies inside the black hole, and contains trapped surfaces, T . One such trapped surface is represented above by a solid dot. The dotted lines emanating from it represent the two systems of future-directed null rays from T : the "ingoing" and the "outgoing." Each system reaches a focal point at r = 0. This light cone has the topology of a 3-sphere.
compact. (The compactness of S 2 is, in essence, what allows this spacetime to escape the clutches of Penrose's singularity theorem of 1965 [12] ; this point is explained in detail elsewhere [7] .)
In other words, spacelike slices [13] in a Bardeen black hole evolve -as Bardeen himself noted in the case of his original model -from a region in which they are noncompact (e.g., S 1 in fig. 1 ), into a region where they are compact (e.g., S 2 ): i.e., the Universe changes its topology from "open" to "closed." Such a topology-change statement must, in general, be approached with caution. de Sitter spacetime, for example, contains both open and closed spacelike slices, but can hardly be considered to change topology. There, however, the noncompact slices are just poorly (or, in the case of inflationary models, deliberately) chosen ones in that globally hyperbolic spacetime. Through every point of that spacetime there passes a compact global Cauchy hypersurface. In a Bardeen black hole, that is not the case. There are regions of spacetime through points of which no slice is compact, and other regions through points of which every slice is compact.
Is such topology change necessary for the existence of regular black holes that obey the weak energy condition? The following theorem shows that it is:
Theorem: Suppose that there is a spacetime M that A. contains an eventually future-trapped surface T , B. obeys the null convergence condition (i.e., the Ricci tensor, R ab , obeys
C. is null-geodesically complete to the future, and D. is future causally simple, with
Then there is a compact slice to the causal future of T .
Assumption A may be expected to hold in the interior of a typical black hole. I am introducing here the notion of an eventually trapped surface as an extension of the usual notion of a trapped surface. A future-trapped surface is one in which the future-directed null geodesics that emanate orthogonally from the surface all have negative divergence at the surface. In an eventually futuretrapped surface, the divergence is only required to become negative somewhere to the future of the surface along each geodesic. This weakening of the notion of a trapped surface is intended to cover situations where a black hole might be growing due to infalling matter. Inside the black hole one may expect there to be closed spacelike 2-surfaces that are eventually future trapped. Otherwise, there would be congruences of geodesics with non-negative divergence throughoutand it is hard to see how these could avoid escaping to infinity. It is possible to contrive situations where geodesics inside a black hole have positive divergence, and escape to infinity, but to a "different infinity" than the one with respect to which the black hole is defined. This happens, for example, in the e 2 = m 2 case of a Reissner-Nordström black hole [14] . Such behavior does not, however, appear to be generic, and in all reasonable cases trapped surfaces do occur inside black holes.
Assumption B follows from the weak energy condition and a field equation such as Einstein's. It may be replaced by a suitable "averaged condition" in situations where there are small violations of the pointwise weak energy condition [15] [16] [17] [18] [19] . Some form of convergence condition is crucial here. Without it, singularities can be avoided with no topology change [20, 21] .
Assumption C is a weak regularity condition -it will hold in any regular spacetime.
Assumption D may require some explanation: Let I + (p) be the future of a point p and E + (p) its future light cone. It may be shown that E + (p) ⊂İ + (p). In general, however, E + (p) =İ + (p); i.e, the future light cone of p is a subset of the boundary of the future of p, but is not necessarily the full boundary of this future. A situation where this occurs has been illustrated elsewhere [7, 22, 23] . Spacetimes in which E + (p) =İ + (p) for all points p are called future causally simple. All the spacetimes in the Bardeen black hole category discussed here are causally simple, as are the standard Schwarzschild and Reissner-Nordström black holes and the exterior (r ≥ 0) Kerr black hole. Some form of causality assumption is necessary for the topology-change argument of this paper to go through. If no such assumption is made, there are scenarios possible, based on the Gödel solution, that neither possess singularities nor change topology [24] [25] [26] .
The theorem, as stated, does not directly make a statement about topology change. A black hole spacetime, however, usually contains a region at infinity and may therefore be expected to "start" with a noncompact slice S, with the black hole, and, hence, at least one eventually future-trapped surface to the future of it. The theorem shows, under very general conditions, that if the black hole is to be regular, the spacetime must develop a compact slice to the future of S: i.e., the topology must change from open to closed. It follows, of course, that such a spacetime cannot be globally hyperbolic. There is no violation here of known results that forbid topology change [27] [28] [29] [30] [31] [32] . Most of these make some form of compactness assumption, ranging from causal compactness [32] to more stringent ones [27] [28] [29] [30] [31] . These assumptions do not hold in scenarios that change an open Universe to a closed one.
Proof: The convergence, θ, of the null geodesic generators of E + (T ) becomes negative, by definition, somewhere to the future of T along each generator. The quantity θ obeys [3] 
where assumption B has been used in the last step. It follows from this and from assumption C that θ must diverge to −∞ at some point along each generator. This means that each generator must leave E + (T ) within a finite affine parameter distance [3] . Thus E + (T ) is compact. But, assumption D says that E + (T ) =İ + (T ). Sinceİ + (T ) is the full boundary of the future of T , it has no edge. This is the advertised compact slice.
